We extend the twofold small-area model of Stukel and Rao (1997; to accommodate binary data. An example is the Third International Mathematics and Science Study (TIMSS), in which pass-fail data for mathematics of students from US schools (clusters) are available at the third grade by regions and communities (small areas). We compare the finite population proportions of these small areas. We present a hierarchical Bayesian model in which the firststage binary responses have independent Bernoulli distributions, and each subsequent stage is modeled using a beta distribution, which is parameterized by its mean and a correlation coefficient. This twofold small-area model has an intracluster correlation at the first stage and an intercluster correlation at the second stage. The final-stage mean and all correlations are assumed to be noninformative independent random variables. We show how to infer the finite population proportion of each area. We have applied our models to synthetic TIMSS data to show that the twofold model is preferred over a onefold small-area model that ignores the clustering within areas. We further compare these models using a simulation study, which shows that the intracluster correlation is particularly important.
Introduction
We assume that there are several small areas and each area consists of several clusters; each cluster consists of a number of units (individuals) . A random sample of clusters is taken from each area and within each sampled cluster a random sample of units is taken. This is the twofold sample design. A hierarchical Bayesian model is used to make inference about the finite population proportion of each small-area. In this model we have an intracluster (between two units in the same cluster) correlation at the first stage and an intercluster (between two units in two different clusters in the same area) correlation at the second stage. We show that the intracluster correlation is important by comparing the sampled data (i.e., a simple random sample of half the number of schools and a simple random sample of half the number of third-grade students from each selected school) for analysis and we use the other half to assess the predictive power of our procedure. The finite population is the original sample. Our objective is to make inference about the finite population proportion of students who earned below average scores in mathematics for each small-area. This measure can be used to compare the regions and the communities in the US.
The data (half) on the mathematics test scores are shown in Table 1 , where we define the twelve areas (e.g., NR is a village or rural area in the north east). There are some schools in which all students were either below average or above average, thereby creating some difficulties for estimation. Looking at Table 1 , the numbers of schools sampled in the twelve areas are 2, 4, 5, 4, 8, 6, 1, 3, 7, 3, 6, 15 and the numbers of students sampled in the schools range from 4 to 13. Each area is too sparse for direct estimation even with the complete data set.
Pertinent Literature
Nandram and Sedransk (1993) described a hierarchical Bayesian model to make inference about the finite population proportion under two-stage cluster sampling, the design we have within each area in a twofold sample design. The model can be viewed as a discrete analogue of the model for two-stage cluster sampling with normal data (Scott and Smith 1969) that has been extended in many directions (e.g., Malec and Sedransk 1985) . We note that the work of Nandram and Sedransk (1993) was extended by Nandram (1998) to multinomial data and this extension may be viewed as a Bayesian analogue of the Dirichlet-multinomial model for cluster sampling (Brier 1980) . However, our onefold model is different because in this design a simple random sample is taken from each area, but in the twofold model a two-stage cluster sample is performed in each area.
When there is a clustering effect, the units in a cluster are, in general, positively correlated leading to a smaller effective sample size and therefore larger variability in the estimates of the cell probabilities (i.e., the design effect is larger than one for each area). For example, see Brier (1980) , Bedrick (1983) , Holt et al. (1980) , and Scott and Holt (1982) . There is a similar issue in hypothesis testing. Clustering will evidently result in larger p-values than what would be obtained under simple random sampling. Rao and Scott (1981; 1984) have studied this problem very carefully for contingency tables and obtained simple and familiar corrections to the standard chi-squared statistic for the test of independence for two-way contingency tables arising from two-stage cluster sampling and more generally. Nandram et al. (2013) have a Bayesian analogue of these works.
From a Bayesian perspective, a related problem is when data are fitted to a hierarchical model but actually follow a model with an additional unknown structure. This is like our problem in which a onefold model is fitted and the second-stage cluster sampling within each area is ignored. Using posterior predictive p-values, Yan and Sedransk (2007) studied the situation where the data follow a normal model with a two-stage (three-stage) hierarchical structure while the fitted model has a one-stage (two-stage) hierarchical structure. O: outskirt of a town or city, C: town or city). For example, in area NR there are m ¼ 2 schools with a total of n ¼ 18 students (8 from one school and 10 from the other) and s ¼ 9 students scored below average (4 from one school and 5 from the other). This constitutes approximately half the number of schools and half the number of students.
They used several diagnostic procedures to help detect this additional structure. Yan and Sedransk (2010) studied the ability to detect a three-stage model when a two-stage model is actually fitted, and using Bayesian standardized residuals concluded that it is due to the magnitude of correlation induced by the additional structure. This is the key point of our work.
For twofold modeling, there have been some activities for continuous response variables, not binary response variables, and most of this work has been within the empirical Bayes framework. Onefold and twofold nested error regression models were introduced by Fuller and Battese (1973) in which transformations to uncorrelated errors with constant variance are obtained starting with a general error covariance matrix. Transformations permit the calculation of generalized least-squares estimators and their covariance matrices by ordinary least-squares regression. They have made an analogy between survey sampling and experimental design via subsampling of primary, secondary, and tertiary sampling units, and split-split-plot experiments. Ghosh and Lahiri (1988) studied multistage sampling under posterior linearity using Bayes and empirical Bayes methods. Estimation of regression models with nested error structure and unequal error variances were further studied by Stukel and Rao (1997) under two-stage and three-stage cluster sampling. Small-area models under twofold nested error regression models were also studied by Stukel and Rao (1999) ; see also Rao (2003, sec. 5.5.3 ) and Datta and Ghosh (1991) .
Innovations
This is mainly a methodological article on twofold small-area modeling, and in attempting to analyze the TIMSS data, we have made the following significant innovations.
1. Our models are for categorical data (binary). As can be seen from the literature, twofold modeling has been done for continuous data. While the categorical data models are related to the continuous data models, they pose additional difficulties for methodology and model fitting. 2. We have a new reparameterization of the beta distribution in terms of correlation (intracluster and intercluster). This permits modeling these correlations directly. In fact, this opens up a new avenue for the analysis of data collected using a twofold sample design and further analysis of more complex categorical (e.g., polychotomous) data. 3. With these reparameterizations we develop two hierarchical Bayesian models, a onefold and a twofold model for binary data. 4. The computations pose some difficulties for the Gibbs sampler and we have overcome these difficulties using random samples instead of the Gibbs sampler. In our twofold model there are two weakly identified parameters, thereby causing long-range dependence in the Gibbs sampler. 5. The TIMSS data will be analyzed using both our onefold and twofold models. We demonstrate that the intracluster correlation creates an important difference between the two models and provides additional insight to the analysis of these data. A simulation study demonstrates the importance of the twofold model for TIMSS data as well.
In Section 2 we describe the onefold and twofold models and we describe how to fit them. In Appendix A we describe how to perform the computation for the twofold model without using the Gibbs sampler. In a technical report, Nandram (2014) now called TRN14, we compare our sampling-based method with the Gibbs sampler. In Section 3, we analyze the TIMSS data and we also compare the onefold and twofold models. We also present a simulation study to compare the onefold and the twofold small-area model even further. Section 4 contains concluding remarks, and some additional problems are discussed. In Appendix B we briefly describe a multifold model.
Bayesian Small-Area Models
We make two simple observations. Let y i jp ,
iid Bernoulli( p), p , Beta{mt,(1 2 m)t}, where 0 , m , 1 is the mean of the beta random variable and t is the sum of the parameters of the standard beta distribution.
First, the y i are exchangeable and the correlation between y i and y j is r ¼ (1 þ t) The prior density, r , Uniform(0,1), is called a shrinkage prior. Shrinkage priors have good frequentist properties (see Natarajan and Kass 2000; Molina et al. 2014; Toto and Nandram 2010) . These observations motivate the construction of our small-area model for binary data.
We have a population of l small areas and within the i th area there are M i clusters.
Within the j th cluster there are N ij individuals. The binary responses are y ij k , k ¼ 1, : : : , N ij , j ¼ 1, : : : , M i , i ¼ 1, : : : , l. A simple random sample of m i clusters is taken from the i th area and a simple random sample of n ij individuals is taken from the j th cluster. Let
, the finite population proportion for the i th area is
Let T
ij ¼ P N ij k¼n ij þ1 y ijk ; j ¼ 1; : : : ; m i , denote the nonsampled total of the j th sampled clusters and T ð2Þ ij ¼ P N ij k¼1 y ijk ; j ¼ m i þ 1; : : : ; M i , the total of the j th nonsampled cluster.
P n ij k¼1 y ijk =n i , it is convenient to express P i as
where thep i are observed. Bayesian predictive inference is required for T ð1Þ ij and T
ij . There is an expression similar to (1) for the finite population mean for each area (Stukel and Rao 1999 Nandram and Sedransk (1993) for two-stage cluster sampling with binary responses is similar to the current one. One important difference is in the prior specification of u and the reparametrization of g, which unlike Nandram and Sedransk (1993) is stochastic here. Furthermore, we predict the finite population proportion of each area, not the overall finite population proportion.
The onefold model can be fitted easily by making random draws from the joint posterior density of u and g, and samples of p i can be obtained using the multiplication rule. Specifically,
where B(Á,Á) is the beta function. Because the posterior density of (u,g) is not in a simple form, we use a one-dimensional grid method and numerical integration via Gaussian quadrature to draw samples from it. We first integrate out u to get pðgjỹ Þ < P G g¼1 w g pðx g ; gjỹ Þ, where x g , g ¼ 1, : : : ,G, are the G roots of a Legendre orthogonal polynomial with weights w g , g ¼ 1, : : : ,G; G ¼ 20 or so provides a very accurate and fast procedure. Then, we use a one-dimensional grid to draw g from pðgjỹ Þ. The unit interval is simply divided into 100 subintervals of equal width, and the joint posterior density is approximated by a discrete distribution with probabilities proportional to the heights of the continuous distribution at the midpoints of these subintervals. Now, it is easy to draw a sample from this univariate discrete distribution of pðgjỹ Þ. It is efficient to remove subintervals with small probabilities (smaller than 10 26 );
we call the others probable subintervals. To draw a single deviate, we first draw one of the probable subintervals. After we have obtained this subinterval, a uniform random variable is drawn within this subinterval. This is a standard jittering procedure and it provides different deviates with probability one. We call this random number generator the univariate grid sampler that is also used to fit the twofold model. 
Thus it is easy to make inference about P i by using data augmentation. For each iterate p i , we simply draw
ij . We use 1,000 samples; convergence monitoring is not required.
A Twofold Model
The twofold small-area model adds one layer to the onefold model. For a twofold Bayesian model, with the same comments about this prior as for the onefold model. We assume that 0 , u, r, g , 1 strictly. This can be achieved by taking e # u, r, g # 1 2 e, where e is a small positive quantity (e.g., e ¼ 10 26 ).
If we allow r to go to zero, then the p ij almost surely go to the m i and the twofold model becomes the onefold model. (In the limit, the m i in the twofold model become the p i in the onefold model.) That is, if r is small, we anticipate very little difference between the two models. Thus it is r that distinguishes the onefold and twofold models.
In Subsection 2.1 we stated that cor( y ijk , y ijk
That is, within the same area, the correlation between two units in the same cluster (intracluster) is r. Clearly, cor( y ijk , y ij 0 k 0 jm i , r) ¼ 0 and within the same area the actual correlation between two units in two different clusters (intercluster) is 0. It is also easy to show that corð y ijk ; y ij 0 k 0 ju; r; gÞ
That is, one can interpret g as the intercluster correlation between two units in two different clusters in the same area. Finally, note that corð y ijk ; y ijk 0 ju; r; gÞ ¼ g þ ð1 2 gÞr $ maxðr; gÞ. We use both the Gibbs sampler and a random sampler to fit the model. The Gibbs sampler is used after collapsing over the p ij and then samples are obtained from the posterior densities of the p ij using the composition method (i.e., multiplication rule). Accordingly, once samples are obtained from the joint posterior density of m; u; r; gjs , a sample of p ij is easy to obtain. Then, after integrating out the p ij , we have pðm; u; r; gjỹ 
See Appendix A for the more detailed computations using the random sampler. For the TIMSS data, the results from the Gibbs sampler and the random sample are similar (see TRN 14).
Numerical Analysis
We discuss an illustrative example using data from the Third International Mathematics and Science Study (TIMSS) and we perform a simulation study to confirm the superiority of the twofold small-area model. This section has three subsections.
In Subsection 3.1 we describe the model diagnostic procedures used for analysis. In Subsection 3.2 we analyze the TIMSS data. We compare the onefold and twofold models.
We have used the posterior mean (PM), posterior standard deviation (PSD), and 95% highest posterior density (HPD) interval to summarize the distributions. We also computed the numerical standard error (NSE), which is based on the batch means method; NSE is a measure of the repeatability of the entire sampling. In Subsection 3.3 we describe a simulation study.
Model Diagnostics
We discuss three goodness-of-fit procedures, the deviance information criterion (DIC) together with the complexity or effective number of parameters (PD), the conditional predictive ordinate (CPO) along with the logarithm of the pseudomarginal likelihood (LPML), and the Bayesian predictive p-value (BPP). The DIC, LPML, and BPP look at the overall fit of the model; see Gelman et al. (2013) for further discussions of these measures. We give expressions for the twofold model because it is easy to write down similar ones for the onefold model.
In the twofold model
2 m i Þ ð1 2 rÞ=r}. Thus, integrating out the p ij we get a product of beta-binomial probability mass functions,
It is also true that E( Models with smaller DIC are preferred over models with larger DIC. Models are penalized both by the value of D , which favors a good fit, and PD. Since D will decrease as the number of parameters in a model increases, PD compensates for this effect by favoring models with a smaller number of parameters. However, DIC tends to select overfitted models. The Bayesian predictive information criterion (BPIC) can protect against this effect but it is difficult to compute, it is not meant for dependent data, and consistency (as the sample size increases) is needed (see Ando 2007) . The inconsistency problem can be overcome by integrating out the p ij and the m i , but this creates dependent data.
Similar to the DIC, the second measure is the LPML. Both measures are based on the same cross-validation (leave-one-out) procedure. A summary statistic for CPO values is LPML; unlike the DIC, larger values of LPML indicate better fitting models (e.g., Geisser and Eddy 1979). For the twofold model the CPO is given bŷ 
The LPML, like the DIC, can discriminate between the onefold and the twofold models. We compute the CPO and the LPML at the cluster level, the LPML being preferable (easy to use). Our third measure is the BPP for the two models. For the twofold model, the discrepancy function is More importantly, the posterior mean of r is .217 with a standard deviation of .050, NSE ¼ .001, and the 95% HPD interval of (.122,.309 ). This also shows that the twofold model, which accommodates the two-stage cluster sampling via the intracluster correlation, r, may be preferred.
In Table 2 we present posterior inference about the finite population proportions for the mathematics scores. We see that the posterior means of the onefold model can be larger or smaller than the posterior means of the twofold model. However, the posterior standard deviations for the twofold model are always larger than those of the onefold model. This clearly shows how the twofold model accommodates the clustering effect. In Table 2 we have also presented the direct estimates. The direct estimates and their standard errors seem to be closer to the PMs and PSDs of the onefold model, but there are some differences (e.g., areas CR and WR).
In Figure 1 we present plots of the empirical posterior densities of the finite population proportions. These are obtained using the Parzen-Rosenblatt normal kernel density estimator with an optimal window width (e.g., Silverman 1986). In both pictures (onefold and twofold models) we observe a clear difference between the onefold and twofold models. The distributions under the twofold model are more spread out than those of the corresponding onefold model.
Using the TIMSS data (half sample) we perform two small empirical studies. First, we study the quality of the Bayesian predictive inference. Then the 'true values' of the finite population proportions (original sample) for the areas are . 541, .347, .608, .600, .550, .667, .436, .421, .560, .458, .522, .643 . Under the twofold model the 95% HPD interval of the finite population proportion of area SO misses the true value. But under the onefold model the 95% HPD intervals for areas SO, SC, CC miss the true value (see Table 1 for abbreviations). Thus, once again the twofold model provides a better fit than the onefold model. Second, we investigate the effect of a larger number of areas. As our half-sample dataset has only twelve areas, we have artificially increased the number of areas. Specifically, we have bootstrapped the twelve areas in the half sample to fill in the additional number of areas to get 25, 50, 75, and 100 areas. Detailed comparisons between random sampling and Gibbs sampling are given in TRN14. For example, in the computations random sampling is twice as fast as Gibbs sampling, but the measures (e.g., DIC, LPML, and BPP) are similar. 
Simulation Study
We have performed a small simulation study to help understand how inferences about the finite population proportions change with the intracluster correlation coefficient (r) and the number (l) of small areas. We have studied r ¼ .01, .10, .25, .50, .75 and l ¼ 12, 25, 50, 75, 100. Thus, there are twenty-five design points in our simulation study. We have set the number of schools in each area to be 100 and the number of students within each school to be 15 (i.e., N ij ¼ 15, j ¼ 1, : : : , M i , M i ¼ 100, i ¼ 1, : : : , l). We also hold u ¼ .60 and g ¼ .05, near the posterior means calculated for the real data. We have taken a simple random sample of five schools from the 100 generated for the population, and a simple random sample of ten students from each selected school (i.e., m i ¼ 5 schools and n ij ¼ 10 students). So there are up to 100 areas each having 100 schools and each school having up to 15 students. So we have up to 10,000 schools and 150,000 students. The number of areas can be as large as current computing facilities allow because the area effects can be drawn using parallel computing via our method of random sampling (not Gibbs sampling). We have simulated binary data from the twofold small-area model, P N ij k¼1 y ijk = P M i j¼1 N ij ; i ¼ 1; : : : ; l. We have taken 1,000 samples at each of the 25 design points.
In a similar way, we have generated data from the onefold model, with a subset of the same design points (i.e., r ¼ 0). For all generated data sets we fit the onefold and twofold models using random draws, as described for the computations. We have used parallel computing to fit the models. Note that we need to fit 25,000 simulated data sets.
Here, we have also studied the frequentist properties of our procedure. We compute the absolute bias (AB), relative absolute bias (RAB), and root posterior mean squared error (RPMSE). Specifically, we obtain AB ih ¼ jPM ih 2 P ih j; RAB ih ¼ AB ih =P ih and
q ; i ¼ 1; : : : ; l; h ¼ 1; : : : ; 1;000. We have also computed the 95% HPD interval for each of the 1,000 simulated runs. We have looked at the width (W ih ) and the credible incidence (I ih ). Here I ih ¼ 1 if the 95% HPD interval contains the true value P i and I ih ¼ 0 if the 95% credible interval does not contain the true value P i . For each area and each design point we have taken the average of these quantities. For example, the estimated probability content of the 95% HPD interval for the i th area is C i ¼ P 1000 h¼1 I ih =1;000. First, we discuss the simulations when data are generated from the twofold model. In Table 3 we present a comparison of the onefold and twofold models using these measures. The coverages for the twofold model are much closer to the nominal value of 95% than those from the onefold model. In some cases the coverages from the onefold model are much too small. However, the 95% HPD intervals from the twofold model are wider than those from the onefold model. These effects are much larger as r increases for each l, thereby clearly showing how the twofold model takes care of the clustering effect. All measures (AB, RAB, RPMSE) for the twofold model are smaller than those for the onefold model. These effects become more intense for larger r. Again this shows the superiority of the twofold model over the onefold model.
In Table 4 we present summaries of PD, DIC, LPML, and BPP. As expected, the PDs for the twofold model should be larger than those for the onefold model. All the DICs for the twofold model are smaller than the corresponding ones for the onefold model, and this disparity becomes larger as l and r increase. The results are the same for the LPML. Under the onefold model most of the BPPs are near 0, but under the twofold model the corresponding BPPs are around 0.5. These measures show that while the twofold model is more complex, it is superior to the onefold model. In TRN14 we compare plots of the sample distributions of the negative LPML under the onefold and twofold models over the 1,000 runs by l and r. The negative LPML under the twofold model are smaller than under the onefold model and this discrepancy increases with both r and l. There are overlaps of distributions when r ¼ .10 but not for other values of r.
Second, we discuss the simulations when data are generated from the onefold model. In Table 5 we present comparisons of the onefold and twofold models. As expected, the onefold model is slightly better than the twofold model. AB, RAB, RPMSE are only NOTE: TFM is the twofold model and OFM is the onefold model. W-HPD and C-HPD are respectively the width and the probability content of a HPD interval. A, AB, and RPMSE are the absolute bias, relative absolute bias and root posterior mean square error. The notation a b means that a is the estimate and b is the standard error.
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slightly smaller under the onefold model. However, the coverages of the HPD intervals under the twofold model are closer to the nominal value of 95%, with those from the onefold model being slightly smaller. This is due to the phenomenon that the intervals under the onefold model are narrower.
In Table 6 we present summaries of PD, DIC, LPML, and the BPP. These measures are very similar for the two models. While the BPPs are different, they show that the two models fit equally well. However, the main difference is in PD, the complexity of the model. While the twofold model is more complex than the onefold model, they fit equally well when the onefold model is expected to hold. NOTE: TFM is the twofold model and OFM is the onefold model. W-HPD and C-HPD are respectively the width and probability content of a HPD interval. A, AB and RPMSE are the absolute bias, relative absolute bias, and root posterior mean square error. The notation a b means that a is the estimate and b is the standard error.
Concluding Remarks
We have developed a twofold hierarchical Bayesian model to analyze binary data arising from a twofold sample design for small areas. This model incorporates an intracluster correlation, and it is an extension of the two-stage hierarchical Bayesian model of Nandram and Sedransk (1993) and, more importantly, the twofold model of Stukel and Rao (1997; for binary data. A onefold model ignores the intracluster correlation. We have performed a Bayesian predictive inference for the finite population proportion of each area. We have discussed how to study the onefold and twofold small-area models in detail. As an illustrated example, we have used synthetic data from TIMSS, a study of the performance of US students at the third grade in mathematics. We have also performed a simulation study to compare the onefold and twofold models. We have shown how to overcome a difficulty in running the Gibbs sampler that we initially used to fit the twofold model (see TRN14). We have shown that when there is clustering within each area, the onefold model gives poor performance, and the twofold model is much more preferable. The onefold model can lead to estimators that differ from the twofold model in terms of both location and spread. Our simulation study provides strong evidence that the twofold model is to be preferred when there is a two-stage cluster sampling design within each area. This is a direct consequence of the effect of the intracluster correlation. The Bayesian measures (deviance information criterion, log pseudomarginal likelihood, Bayesian predictive p-value) and frequentist measures (bias, mean squared error, coverage) show that the twofold model is better than the onefold model. While we have demonstrated that the twofold model is preferred when data are available from a twofold sampling design with cluster sampling, other sampling designs (e.g., stratification) in each area will give different results, and these need to be investigated separately.
We have shown that the twofold model is preferable to the onefold model for the TIMSS data. Although the two models give similar results, we have better point and interval estimates from the twofold model. We can see from Table 2 that there are some possibly interesting findings for TIMSS data even though we have not used all features of the data. Apparently a school in a western rural (WR) area is the best and city schools (NC, SC, CC, WC) are not so good. This research has opened up many avenues for future work on twofold small-area models. First, for a more realistic analysis of the TIMSS data, it is possible to incorporate the survey weights into our analysis. Second, it may be desirable to have the intracluster correlation to vary with area. It is expected that the computation will be challenging because with a single intracluster correlation there is long-range dependence among the iterates from the Gibbs sampler. Third, it is desirable to study threefold models (states within regions and counties within states). Fourth, we can look at polychotomous data instead of binary data; in TIMSS one can use three levels for mathematics score (below average, average, above average). Fifth, we can consider multivariate binary data; in TIMSS there are both mathematics and science scores. This will lead naturally to consider test of independence for two categorical variables. Sixth, benchmarking for small areas is also an important problem (states within regions and counties within states). Seventh, we can look at covariates via logistic regression; in TIMMS there are covariates. Eight, we can use nonparametric models (e.g., Dirichlet process mixtures and mixture of finite Polya trees) to help robustify our twofold model.
APPENDIX A: Computation Without Gibbs Sampling
Long-range dependence is a general problem for the hierarchical Bayesian model when Markov chain Monte Carlo methods are used to fit it. Typically long-range dependence is due to weak identifiability in some parameters and/or indirect functional relation among the parameters, and this causes poor mixing in the Gibbs sampler. The solution of thinning the iterates, used in practice, is not really efficient. These problems occur when the twofold model is fitted, and so it is pertinent to present an alternative algorithm that uses just random samples.
Our strategy is to use the composition method (i.e., multiplication rule) to draw random samples from the posterior density pðm; u; r; gjỹ Þ. where A is a normalization constant hence forth omitted,
B{s ij þ m i ð1 2 rÞ=r; n ij 2 s ij þ ð1 2 m i Þð1 2 rÞ=r} B{m i ð1 2 rÞ=r; ð1 2 m i Þð1 2 rÞ=r} ; and
B{u ð1 2 gÞ=g; ð1 2 uÞð1 2 gÞ=g} :
Note that while g i (m i ) is the ratio of two beta functions (computations discussed earlier) both of which are functions of r but not u and g, f (m i ) is a function of u and g but not r. More importantly, f (m i ) is a density function of a beta random variable. We can integrate out the m i , one at a time, and form their product to obtain the complete integral. Thus, we only need to discuss how to compute Ð 1 0 g i ðm i Þf ðm i Þdm i ; i ¼ 1; : : : ; l, for one area. Also, note that f (m i ) does not depend on i under the integral sign. While this integral can be computed using Monte Carlo methods, it is much more efficient to use numerical integration in the following way.
Let F(Á) denote the cdf corresponding to f (Á). Partition the interval (0,1) into a mesh of G subintervals ½a 0 ; a 1 ; ½a 1 ; a 2 ; : : : ; ½a G21 ; a G where a 0 ¼ 0, a i ¼ i/G, i ¼ 1, : : : , G. Then, using the Riemann middle sum, it is easy to show that where w g , g ¼ 1, : : : ,G, are the weights and x g , g ¼ 1, : : : , G, are roots of the Legendre polynomial with x g 1 and x g 2 corresponding to u and r respectively. Note that the single integral over each m i is done as described above and the whole procedure is a threedimensional integral. Now, using univariate grids, samples of the posterior density of g are obtained in exactly the same manner as described for the onefold model using the univariate grid sampler. Then, conditional on g, the posterior density of r is 
:
Again using the univariate grid sampler, samples are drawn from the posterior density of u.
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Finally, conditional on (u, r, g), the m i are independent and samples are again obtained from pðm i ju; r; g; ỹ ) using the univariate grid sampler. We have always used 100 grids for the m i , u, r and g.
APPENDIX B: A Multistage Hierarchical Bayesian Model
In TIMSS the countries can be compared, a task beyond the scope of the current article. The small areas (regions and communities) are clustered within the countries and the schools are clustered within these small areas. This is a generalization of the twofold design, which we have discussed in detail in Section 2, to a threefold design. Thus we describe the multistage model mainly for reasons of theoretical interest.
The multifold hierarchical Bayesian model is Note that in this hierarchical Bayesian model, the first two stages are conjugate and the other stages are nonconjugate. More importantly, the correlation between two units at the first stage is g 1 . Furthermore, when the first-stage means are integrated out, the correlation between two units in two different clusters is g 2 , and so on. It is expected that the correlations will decay as we go down the hierarchical structure of the model. That is, the correlation between two units at the area level is expected to be the smallest while the correlation at the last stage of the multistage cluster sampling design is expected to be the largest.
While the multistage model is of practical importance, it would need significant research to develop it into a useful methodology and it is expected that the computation will be challenging.
